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Abstract
We discuss the phase transition between non-extremal and extremal Reissner-Nordstro¨m
black holes. This transition is considered as the T → 0 limit of the transition between the
non-extremal and near-extremal black holes. We show that an evaporating process from
non-extremal black hole to extremal one is possible to occur, but its reverse process is
not possible to occur because of the presence of the maximum temperature. Furthermore,
it is shown that the Hawking-Page phase transition between small and large black holes
unlikely occurs in the AdS Reissner-Nordstro¨m black holes.
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1 Introduction
Since the pioneering work of Hawking-Page on the phase transition between thermal AdS
and AdS black hole in four dimensions [1], the research of the black hole thermodynamics
has greatly improved. Especially, the phase transition of the AdS black hole in five
dimensions inspired by string theory has generated renewed attention because it relates
to confining-deconfining phase transition on the gauge theory side through the AdS/CFT
duality [2]. It was extended to study the transition between AdS soliton and AdS black
hole with Ricci flat horizon [3, 4].
In addition to the usual transition between thermal AdS and AdS large black hole, it
was suggested that there may exist a different phase transition between small and large
black holes (HP1) in the AdS Reissner-Nordstro¨m (AdSRN) black holes for fixed charge
Q < Qc [5, 6] and AdS Gauss-Bonnet black holes [7].
In the conventional Hawking-Page phase transition (HP2), one generally starts with
thermal radiation in AdS space. An unstable small black hole appears with negative
heat capacity. The heat capacity changes from negative infinity to positive infinity at the
minimum temperature T0. Finally, the large black hole with positive heat capacity comes
out as a stable object. There is a change of the dominance at the critical temperature T1:
from thermal radiation to black hole [1].
In the HP1, we start with a stable small stable black hole with positive heat capacity
(SBH) because the thermal AdS is not an admissible phase for the AdSRN black holes [6].
The heat capacity changes from positive infinity to negative infinity at the maximum
temperature Tm. Then, an intermediate black hole with negative heat capacity (IBH)
comes out. There is a change of the dominance at the critical temperature T = T2: from
SBH to large black hole with positive heat capacity (LBH). The HP1 can be described by
two processes: SBH → IBH → LBH. However, it seems that the first process of SBH →
IBH is not permitted because there exists a temperature barrier between SBH and IBH.
In order to investigate the first process of SBH → IBH, we have to study thermo-
dynamics of the RN black hole [8]. In general, non-extremal RN black holes form two
parameters of mass M and charge Q with the inequality of M > |Q|. Here NOBH de-
notes non-extremal Reissner-Norstro¨m black hole with M > Mm = 2Q/
√
3. On the other
hand, extremal RN black holes (EBH) form one parameter with M = |Q|. Their surface
gravity vanishes and thus their Hawking temperature is zero. Therefore, for fixed-charge
ensemble, the EBH can be the stable endpoint of the evaporation of NOBH. Recently, it
was reported that there is no real discontinuity between EBH and NOBH, if one takes
into account the flux due to the Hawking radiation properly [9].
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In this work, we first check whether the first process of HP1 occurs or not by studying
the phase transition between NOBH and near-extremal black hole (NEBH) with Q <
M < Mm. In order to investigate this transition, we review thermodynamics of Reissner-
Nordstro¨m black hole thoroughly. We study the off-shell (non-equilibrium) process of
the growth of the RN black hole using the off-shell free energy and off-shell β-function.
It turns out that the process of SBH → IBH is not allowed but its reverse process of
SBH ← IBH is permitted as an evaporating process. Hence, it is shown that the HP1 of
SBH→IBH→LBH unlikely occurs in the AdSRN black holes.
2 Thermodynamics of RN black hole
We consider the RN black hole whose metric is given by
ds2RN = −U(r)dt2 + U−1(r)dr2 + r2dθ2 + r2 sin2 θdϕ2 (1)
with U(r) = 1 − 2M/r + Q2/r2. Here, M and Q are the mass and the electric charge
of the RN black hole, respectively. Then, the inner (r−) and the outer (r+) horizons are
obtained as r± = M ±
√
M2 −Q2, which satisfy U(r±) = 0. For M = Q, we have an
extremal RN black hole at r+ = Q. In this work we consider the case of fixed charge Q
for simplicity [5]. The other case of the fixed potential Φ = Q/r+ will have parallel with
the fixed charge case.
For the RN black hole, the relevant thermodynamic quantities are given by the ADM
mass M , Bekenstein-Hawking entropy SBH and Hawking temperature TH :
M(r+, Q) =
r+
2
(
1 +
Q2
r2+
)
, SBH(r+) = pir
2
+, (2)
TH(r+, Q) =
1
4pi
( 1
r+
− Q
2
r3+
)
. (3)
Then, using the Eqs. (2) and (3), the heat capacity C = (dM/dTH)Q for fixed charge and
Helmholtz free energy F are obtained to be
C(r+, Q) = −2pir2+
( r2+ −Q2
r2+ − 3Q2
)
, (4)
F (r+, Q) = E − THSBH = r
2
+ + 3Q
2
4r+
−Q (5)
with E = M −Q. In this case, E measures the energy above the ground state. We note
that one has to use the extremal black hole as background for fixed charge ensemble [5].
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Figure 1: Thermodynamic quantities of RN black hole as function of horizon radius r+
with fixed Q = 1: temperature TH , heat capacity C, and free energy F .
As is shown in Fig. 1, the features of thermodynamic quantities are as follows: First
of all, the whole region splits into the near-horizon phase of Q < r+ < rm with rm =
√
3Q
and Schwarzschild phase of r+ > rm. i) The temperature is zero (TH = 0) at r+ = Q,
maximum Tm =
1
6
√
3piQ
at r+ = rm, and for r+ > rm, it shows the Schwarzschild behavior.
ii) The heat capacity C determines the local stability of thermodynamic system. For
Q < r+ < rm, it is locally stable because of C > 0, while for r+ > rm, it is locally
unstable (C < 0) as is shown in the Schwarzschild case. Here, we observe that C = 0 at
r+ = Q and importantly, it blows up at r+ = rm. iii) The free energy is an important
quantity to determine where the presumed phase transition occurs. The free energy is
negative for the near-horizon phase and it is increasing for the Schwarzschild phase. It
takes the minimum value of Fm = −Q(2−
√
3)
2
at r+ = rm and F = 0 at r+ = Q, 3Q. We
identify the thermal state of the EBH by the condition of TH = 0, C = 0, F = 0 with the
non-zero Bekenstein-Hawking entropy SBH = piQ
2 [8]. Furthermore, the RN black hole is
split into NEBH being in the region of Q < r+ < rm and NOBH in the region of r+ > rm.
In connection with HP1, we have a correspondence of NEBH↔ SBH and NOBH↔ IBH.
3 Off-shell (non-equilibrium) process
We use the off-shell free energy to study the growth of a black hole [10]. Also, the off-
shell β-function is introduced to measure the mass of a conical singularity at the event
horizon [11, 12, 13]. In order to explore a possible phase transition, we consider the
off-shell free energy,
F off (r+, Q, T ) = E − TSBH (6)
with the external temperature T . For fixed Q, it corresponds to the Landau function
for describing the phase transition with the order parameter r+ [6]. We note that
∂F off/∂r+ = 0 → T = TH . Plugging this into Eq.(6) leads to the on-shell free en-
ergy F (r+, Q) in Eq.(5). In this sense, we call F
off the off-shell free energy [14, 15]. In
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Figure 2: Graphs for temperature and free energy expressed as functions of r+. In the
left panel, the solid curve represents the Hawking temperature TH(r+, Q = 1), while three
dashed lines denote T = Tm = 0.03, 0.02, 0.005 from top to bottom. In the right panel,
the solid curve represent the on-shell free energy F (r+, Q = 1), while three dashed curves
denote the off-shell free energy F off (r+, Q = 1, T ) for T = 0.005, 0.02, Tm from top to
bottom.
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Figure 3: Graphs for deficit angle and β-function. Three dashed curves denote δ(r+, Q =
1, T ) for T = Tm, 0.02, 0.005 from top to bottom. In the right panel, three dashed curves
denote β(r+, Q = 1, T ) for T = 0.005, 0.02, Tm from top to bottom.
other words, the first law of thermodynamics of dE = TdSBH holds for the on-shell but
it does not hold for any off-shell process.
We start with observing the temperature in Fig. 2. An important point is that there
exists the maximum temperature T = Tm = 0.3 near the extremal black hole. The
presence of this temperature makes the thermodynamic process different when comparing
with the Hawking-Page phase transition (HP2) between thermal AdS and black hole [16].
Here we choose three external temperatures to study a possible phase transition between
NEBH and NOBH. These are T = Tm, 0.02, 0.005. It is noted that in the limit of T → 0,
one may include the phase transition between EBH and NOBH. In this case, the starting
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point approaches the extremal black hole (ri → Q), while the ending point goes to infinity
(rf → ∞). For these temperatures, the corresponding graphs of off-shell free energy are
shown in Fig. 2. Considering the condition of T = TH , we find their equilibrium points
as the initial and final points. These are given by
ri =
1
24piT
[
2 + 4 cos
(α
3
− 2pi
3
)]
, rf =
1
24piT
[
2 + 4 cos
α
3
]
, (7)
where cosα = 1 − 2 T 2
T 2
m
with 2 T
Tm
< α ≤ pi. In particular, for T ≪ Tm (α → 2 T 2T 2
m
≃ 0),
the initial point is located at ri ≃ re, while the final point is at rf ≃ 14piT . In case of
T = Tm(α = pi), one has a degenerate point at ri = rf = rm, which corresponds to the
maximum point.
As is expected from the temperature graph, for T > Tm, there is no equilibrium point
where the on-shell curve of free energy meets the off-shell curve (F = F off). For the
maximum temperature T = Tm, there is a degenerate equilibrium point at r+ = rm,
where the minimum on-shell free energy Fm = F
off appears and the heat capacity blows
up. In case of T = 0.02, we have two equilibrium points ri = 1.2 and rf = 3.69: ri is
a globally stable point because of C > 0, F < 0 while rf is a globally unstable point
because of C < 0, F > 0. For T = 0.005, the situation is qualitatively similar to the case
of T = 0.02, but the difference is ri = 1.03 and rf = 15.85. Hence, the transition from
NOBH to NEBH is likely allowed as an evaporating process [17], while its reverse process
is unlikely allowed because of the presence of the maximum temperature T = Tm.
In order to investigate the off-shell process explicitly, we consider the off-shell param-
eter α and the deficit angle δ as
α(r+, Q, T ) =
TH
T
, δ(r+, Q, T ) = 2pi(1− α). (8)
α is zero at the extremal point of r+ = Q and it is one at the equilibrium point T = TH .
On the other hand, the range of deficit angle is given by 0 ≤ δ ≤ 2pi. δ has the maximum
value of 2pi at the extremal point and it is zero at T = TH . This implies that the extremal
configuration at r+ = Q has the narrowest cone of the shape (≺) near the horizon, while
its geometry at T = TH is a contractible manifold (⊂) without conical singularity. For
any off-shell process of the growth of black hole, we must have 0 < δ < 2pi and a conical
singularity of the shape (<) near the horizon [10, 11, 12, 13, 14, 15]. However, as is shown
in Fig. 3, there exist negative deficit angles for T < Tm, while the deficit angle is always
positive for T > Tm. Explicitly, we find negative deficit angles for ri < r+ < rf . Hence
we stress that these are not properly defined thermodynamic processes of growing black
hole by absorbing radiation in the heat reservoir.
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Furthermore, the off-shell process could be described by the off-shell β-function defined
with the off-shell Euclidean action Ioff = F off/T as
β(r+, Q, T ) ∝ ∂I
off
∂r+
= −r+ δ(r+, Q, T ) (9)
which measures the deficit angle δ directly. The connection between mass of conical
singularity and off-shell β-function is given by
Mcs =
β
4pi
= −Mpp, (10)
where Mpp is the mass of point particle at the event horizon. In general, the mass of a
conical singularity is negative.
We find from Fig. 3 that the off-shell β-functions are negative for T > Tm, while these
are positive for T < Tm. We have positive β-function between two equilibrium points,
ri < r+ < rf . Hence these are not regarded as a properly defined off-shell process of
increasing black hole by absorbing radiation. However, its reverse process of decreasing
black hole by emitting radiation as the Hawking radiation seems to be possible to occur.
4 AdSRN black hole
We consider the AdSRN black hole whose metric function is given by
U(r) = 1− 2M
r
+
Q2
r2
+
r2
l2
, (11)
where l is the curvature radius of AdS space. Then, the inner (r−) and the outer (r+)
horizons are obtained from the condition of U(r±) = 0. In this work we consider the
case of fixed-charge ensemble Q < Qc = l/6 [5]. The other case of the fixed potential
Φ = Q/r+ will have parallel with the fixed charge case.
For the AdSRN black hole, the relevant thermodynamic quantities are given by the
ADM mass M and Hawking temperature TH
M(r+, Q) =
r+
2
(
1 +
Q2
r2+
+
r2+
l2
)
, TH(r+, Q) =
1
4pi
( 1
r+
− Q
2
r3+
+
3r
l2
)
. (12)
In the case that the horizon is degenerate, we have an extremal black hole with M =Me.
In general, one has an inequality ofM > Me. Then, using the Eqs. (12), the heat capacity
C = (dM/dTH)Q for fixed charge and Helmholtz free energy F are obtained to be
C(r+, Q) = 2pir
2
+
[ 3r4+ + l2(r2+ −Q2)
3r4+ + l
2(−r2+ + 3Q2)
]
, (13)
F (r+, Q) = E − THSBH = 1
4r+
(
r2+ + 3Q
2 − r
4
+
l2
)
−Me (14)
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Figure 4: Thermodynamic quantities of the AdSRN black hole as function of horizon
radius r+ with fixed Q = 1 and l = 10: temperature TH , heat capacity C, and free energy
F .
with E = M −Me. In this case, E measures the energy above the ground state. Also the
extremal black hole is chosen as background for fixed-charge ensemble [5].
The global features of thermodynamic quantities are shown in Fig. 4. It seems to
be a combination of RN and AdS Schwarzschild black holes. Here we observe the local
minimum TH = T0 at r+ = r0 (feature of AdS Schwarzschild black hole) , in addition
to the extremal temperature TH = 0 at r+ = re and the maximum value TH = Tm at
r+ = rm (feature of RN black hole).
For re < r+ < rm, the black hole is locally stable because of C > 0 while for rm <
r+ < r0, it is locally unstable (C < 0). For r+ > r0, the black hole becomes stable because
of C > 0. Here, we observe that C = 0 at r+ = re, and it blows up at r+ = rm, r0. Based
on the local stability, the AdSRN black holes are split into SBH with C > 0 being in the
region of re < r+ < rm, IBH with C < 0 in the region of rm < r+ < r0, and LBH with
C > 0 in the region of r+ > r0.
Importantly, the free energy plays a crucial role to test the phase transition. A black
hole is globally stable when C > 0 and F < 0. We observe two extremal points for free
energy: the local minimum F = Fmin at r+ = rm and the maximum value F = Fmax
at r+ = r0. The free energy is negative for re < r+ < rm and it increases in the region
of rm < r+ < r0. For r+ = r1 > r0, it is zero and remains negative for r+ > r1. The
temperature T = T1 determined from F = 0 at r+ = r1 plays a role of the critical
temperature in HP2.
In order to investigate whether the HP1 is possible to occur in the AdSRN black holes,
we study the off-shell process of the growth of a black hole. For this purpose, we introduce
the off-shell free energy
F off (r+, Q, T ) = E − TSBH (15)
with the temperature T of heat reservoir. The critical temperature T = T2 is derived
from the condition of F off(rs, 1, T2) = F
off(rl, 1, T2), which means that the free energy
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Figure 5: Graphs for temperature and free energy expressed as functions of r+ with l = 10.
In the left panel, the solid curve represents the Hawking temperature TH(r+, Q = 1), while
five dashed lines denote T = Tm = 0.0348, 0.03, T2 = 0.0285, T1 = 0.0278, T0 = 0.0271
from top to bottom. In the right panel, the solid curve represents the on-shell free energy
F (r+, Q = 1), while five dashed curves denote the off-shell free energy F
off(r+, Q = 1, T )
for T = T0, T1, T2, 0.03, Tm from top to bottom.
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Figure 6: Graphs for deficit angle and β-function. Five dashed curves denote δ(r+, Q =
1, T ) for T = Tm, 0.03, T2, T1, T0 from top to bottom. In the right panel, five dashed curves
denote β(r+, Q = 1, T ) for T = T0, T1, T2, 0.03, Tm from top to bottom.
of SBH at r+ = rs is equal to free energy of LBH at r+ = rl. This case is marked as the
horizontal line in the right panel of Fig. 5. Then we expect to discuss a HP1 between
SBH and LBH through IBH for Tm = 0.0348 < T < T2 = 0.0285. As is shown in Fig.5,
we choose T = 0.03 for a transition temperature of the HP1. This transition consists of
two processes: SBH with C > 0→ IBH with C < 0→ LBH with C > 0. We have global
stabilities for SBH and LBH because of their free energies are positive. However, the IBH
remains unstable and it may play a role of a mediator for HP1 as an unstable small black
hole in HP2.
Let us study the HP1 further by introducing the deficit angle δ(r+, Q, T ) and the off-
9
APT (→) EP(←)
starting point ending point starting point ending point
r+ r+ = ri(NEBH) r+ = rf (NOBH) r+ = rf r+ = ri
C + − − +
F − + + −
status stable unstable unstable stable
Table 1: Summary of the assumed phase transition (APT) and its reverse transition as
Evaporating process (EP) for the RN black hole.
starting point intermediate point ending point
r+ r+ = rs(SBH) r+ = ri(IBH) r+ = rl(LBH)
C + − +
F − + −
status stable unstable stable
Table 2: Summary of the assumed Hawking-Page transition (HP1:→) for the AdSRN
black hole.
shell β-function β(r+, Q, T ) which are the same forms as in Eqs.(8) and (9) but different
temperature TH . From Fig. 6, we find that the HP1 is not possible to occur. The
reason is that for the process of SBH→ IBH, the off-shell (non-equilibrium) process is not
well-defined because the negative deficit angle and positive off-shell β-function exist for
T = 0.03. Hence, it seems that the HP1 is hard to occur in the AdSRN black holes.
5 Discussions
We discuss the phase transition between EBH and NOBH in the RN black hole. For this
purpose, we may consider this transition as the T → 0 limiting case of the assumed phase
transition between the NEBH and NOBH. Our study was based on the on-shell observa-
tions of temperature, heat capacity and free energy as well as the off-shell observations
of generalized (off-shell) free energy, deficit angle and β-function. In general, the on-shell
thermodynamics describes relationships among thermal equilibria and not the transitions
between equilibria. The off-shell thermodynamics is suitable for the description of tran-
sitions between thermal equilibria. As is summarized in Table 1, the NEBH is a globally
stable object, whereas the NOBH is an unstable object. The← transition from NOBH to
NEBH is likely allowed as an evaporating process [17], while the assumed phase transition
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(NEBH→NOBH) is unlikely allowed for T < Tm [16]. The main reason comes from the
fact that for the latter, the off-shell (non-equilibrium) process is not well-defined because
of the negative deficit angle and positive off-shell β-function. As is shown in Fig. 2,
this arises because of the presence of temperature barrier. Furthermore, an evaporating
process from NEBH to EBH is possible to occur as was discussed in Ref.[18].
In connection with HP1, we have a correspondence of NEBH ↔ SBH and NOBH ↔
IBH. The process of SBH→IBH represents the feature of RN black hole, while the process
of IBH→LBH denotes the feature of AdS Schwarzschild black hole. Thus, one expects
that for T < T2, the SBH is more favorable than the LBH, while for T > T2, the LBH is
more favorable than the SBH. However, the HP1 of SBH→IBH→LBH is hard to occur
because SBH→IBH (NEBH→NOBH) is included as the first process in the AdSRN black
holes. The presence of temperature barrier in Fig. 4 supports this argument. Further,
its reverse transition is not allowed because both starting and ending points are globally
stable (see Table 2).
Finally, we propose that NEBH9NOBH and NEBH←NOBH for the RN black holes,
while SBH9LBH and SBH8LBH for the AdSRN black holes.
We conclude that an evaporating process from non-extremal black hole (NOBH) to
extremal one (EBH) is possible to occur, but its reverse process is not possible to occur.
However, considering the quantum tunnelling process through temperature barrier, one
may expect to have NEBH→NOBH for the RN black holes and SBH→LBH for the AdSRN
black holes.
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